A dispersion relation for parallel propagating whistler mode waves has been applied to the magnetosphere of Saturn and comparisons have been made with the observations made by Voyager and Cassini. The effect of hot (suprathermal) electron-density, temperature, temperature anisotropy, and the spectral index parameter, κ, on the temporal growth rate of the whistler mode emission is studied. A good agreement is found with observations. Electron pitch angle and energy diffusion coefficients have been obtained using the calculated temporal growth rates.
Introduction
The observations of the plasma wave spectrum observed at Saturn by Voyager 1 were first reported by Gurnett et al. (1981) . Whistler mode hiss and chorus emissions were found as Voyager approached the equator at a radial distance of about 5 R S (R S is radius of Saturn). Whistler mode emissions within Saturn's magnetosphere were also detected by the plasma wave instruments on Voyager 2 (Scarf et al., 1982) . First results from the Cassini Radio and Plasma Wave Science Instrument during the approach and first orbit around Saturn have been reported by Gurnett et al. (2005) . Several diffuse emissions were seen at frequencies below f c (electron cyclotron frequency). These have been identified as whistler mode emissions. The radial distance of these emissions is about 2∼6 R S . Whistler waves are electromagnetic waves in magnetized plasmas at frequencies below the electron cyclotron frequency. The ionosphere/magnetosphere produces various plasma instabilities which lead to the emission of waves propagating in the whistler mode waves branch. Most
Correspondence to: R. P. Singhal (rpsinghal@bhu.ac.in) of these instabilities are due to anisotropic electron distributions, such as beams, loss-cones, rings and temperature anisotropies. Whistler mode emissions are also triggered by lightning generated whistler. Whistler mode wave-particle interactions are important processes which can lead to wave amplification and precipitation of energetic electrons from the magnetosphere into the lower ionosphere/atmosphere. In this study we investigate the whistler mode driven unstable by the electron temperature anisotropy in the presence of a suprathermal power law tail on the electron population (Mace, 1998) . The source of free energy driving the instability is the electron temperature anisotropy, T ⊥ >T || . We consider only the wave propagation parallel to the magnetic field.
The plasma science experiment during the Voyager encounters with Saturn investigated the low energy plasma electron environment within Saturn's magnetosphere. The electron distribution functions are found to be nonMaxwellian in character; they are composed of a cold (thermal) component with a Maxwellian shape and a hot (suprathermal), non-Maxwellian component (Sittler et al., 1983) . Similar characteristics of electron distribution functions have been found during Cassini's initial orbit (Young et al., 2005) . The colder component (∼3 to 30 eV) increases in density and decreases in temperature with decreasing radial distance. The hotter component (∼100 to 1000 eV) has the opposite behaviour; it decreases in density and increases in temperature with decreasing radial distance. The hot plasma component can be modelled by a loss-cone, bi-Lorentzian (or kappa) distribution (Summers and Thorne, 1991) . In the present work we have investigated the whistler mode instability driven by temperature anisotropy in the hot electron component in the magnetosphere of Saturn and compare our results with the whistler mode wave observations by Voyager and Cassini. We have also calculated the pitch-angle and energy diffusion coefficients from resonant interactions with whistler mode waves using the expressions derived by Lyons (1974) , generalized to the temporal growth rates obtained from our calculations. Section 2 gives the dispersion relation for parallel propagating whistler mode waves. The plasma parameters in Saturn's magnetosphere and those used in the present study are discussed in Sect. 3. Results of the temporal growth rates are given in Sect. 4. In Sect. 5 we give the calculated normalized pitch angle and energy diffusion coefficients. Finally, in Sect. 6, a brief discussion and the conclusions of the present study are given.
Dispersion relation
We consider a plasma consisting of a cold electron component represented by a Maxwellian distribution, a hot electron component given by the bi-Lorentzian loss-cone distribution and a proton component represented by cold and hot components, which are also given by Maxwellian and bi-Lorentzian loss-cone distributions, respectively. The Maxwellian distribution is given by
with associated perpendicular and parallel thermal speeds
and temperature anisotropy
The bi-Lorentzian loss-cone distribution is given by
The parameter θ ⊥ σ and θ || σ are thermal speeds given by
and the temperature anisotropy is given by
Employing distributions (1) and (4), the dispersion relation for the parallel propagating R-mode can be written as (Summers and Thorne, 1995; Mace, 1998) 
Summation over species σ involved in Eq. (8) |q σ | , κ is the spectral index, is the loss-cone index. q σ , m σ and n σ are, respectively, particle charge, mass and number density of species σ . c is the speed of light. B 0 is the ambient magnetic field. The function Z κ , appearing in Eq. (8), is the modified plasma dispersion function of Summers and Thorne (1991) and Z is the plasma dispersion function (Fried and Conte, 1961) . Equation (8) is broken into real and imaginary parts and a numerical technique is used to find the real and imaginary components of ω.
Plasma parameters within Saturn's magnetosphere
A survey of the low-energy plasma electron environment during the Voyager encounters with Saturn has been given by Sittler et al. (1983) . Three fundamentally different plasma regimes have been identified: (1) The hot outer magnetosphere (R=15∼22 R S ), (2) the extended plasma sheet (R=7∼15 R S ), (3) the inner plasma torus (R<7 R S , where R is the radial distance). Electron densities are ∼10 cm −3 in the inner torus and decrease to about ∼3.0 cm −3 in the extended plasma sheet and about ∼ 0.04 cm −3 in the outer magnetosphere. The hot (suprathermal) component relative 
R∼ 5 Normalized temporal growth rateγ (=γ / e ) versus normalized real frequencyω r (=ω r / e ) at R ∼ 6 R S . Other plasma parameters are given in Table 1 (Voyager data). Hot (suprathermal) electron density n h is marked.
to the cold (thermal) component increases from about 0.1 in the inner torus to about 0.4 in the outer magnetosphere. The cold electron temperature changes from about 10 eV to 40 eV and the hot electron temperature varies from about 400 eV to 600 eV as the radial distance changes from 6 R S to 18 R S . The measurements made with the Cassini plasma spectrometer in Saturn's magnetosphere have been reported by Young et al. (2005) and from the Cassini radio and plasma wave instruments by Gurnett et al. (2005) . In the inner magnetosphere (R=2 ∼7 R S ) electron densities range between 100∼4 cm −3 , respectively. The cold electron temperature is about 10∼20 eV and the hot electron temperature is nearly 1000∼2000 eV. The hot (suprathermal) electron density is about 0.1 cm −3 . Temporal growth rate calculations for the whistler mode instability have been performed at three radial distances: R∼6 R S , 12 R S and 18 R S using the plasma parameters from the Voyager 1 data given in Table 1 . Subscripts c and h refer to cold (thermal) and hot (suprathermal) electrons. Calculations have been performed by changing the hot electron number density (n h ) and temperature (T h ). Another set of calculations has been performed at three radial distances: R∼5.5 R S , R ∼3.9 R S and R ∼2.2 R S , using the data set from Cassini given in Table 2 . Cold electrons are assumed isotropic and for hot electrons temperature anisotropy A h =T ⊥h /T ||h − 1=0.1 is used. A value of κ=2 is also used. Calculations have been performed by changing A h and κ. Protons with a constant hot component temperature 10 4 eV have been included. Other protons parameters are same as for electrons.
Temporal growth rates

Calculation results
In Fig. 1 , we show the calculated normalized temporal growth rates (γ =γ / e ) at radial distance 6 R S . The effect of the changing hot electron number density is shown. At large n h ∼ 2 cm −3 the whistler mode emission covers a broad band of frequencies, especially towards lower frequencies, although reducing n h does not show a systematic trend. In Fig. 2 the effect of hot electron temperature (T h ) is shown. In this case the band width increases towards lower frequencies as T h is increased from 200 eV to 800 eV. This is in accord with Voyager observations (Sittler et al., 1983) . However, it may be noted that for lower values of both parameters, n h (∼0.5 cm −3 ) and T h (200 eV), the calculations produce no whistler mode emissions. In effects of changing n h and T h , respectively at radial distance 12 R S . Here the band width also increases with the increase in T h but the effect is small in comparison with the case for radial distance 6 R S . In Figs. 5 and 6 the effect of changing n h or T h , respectively, on the temporal growth rate is shown for radial distance 18 R S . The change in bandwidth with changing n h does not show any systematic trend. However, the effect of increasing T h does result in somewhat larger bandwidth towards lower frequencies. In Fig. 7 the effect of changing the parameter κ is shown at radial distance 5.5 R S . The growth rate decreases with increasing κ, as is expected, since for higher κ, there are a lower number of resonant electrons in the high energy tail of the distribution function. Also, the bandwidth of the whistler mode emissions increases towards lower frequencies as κ is decreased.
In Fig. 8 the effect of hot electron anisotropy A h on the growth rate is shown (R=5.5 R S ). As the anisotropy is increased the growth rate increases considerably and the bandwidth also increases towards higher frequencies. Finally, in Fig. 9 , the results of the growth rate calculation for radial distance 3.9 R S are shown. It is found that for n h <0.5 cm −3 , no whistler mode emissions are possible. Also, the bandwidth of whistler mode emissions increases towards lower frequencies as n h is increased to 1 cm −3 . Furthermore, for radial distance 2.2 R S calculations produce no whistler mode emissions.
Comparisons with Cassini and Voyager observations
Next we compare our calculated values of the whistler mode emission frequencyω r (=ω r / e ) with the observed values from Cassini (Gurnett et al., 2005) . From Fig. 3 of their work we note that whistler mode emissions were observed inside 6 R S atω r ∼ 0.15 at (R ∼5.5 R S ), 0.05 (R∼3.9 R S ) and 0.01 (R∼2.2 R S ). From Fig. 8 ( R∼5.5 R S ) we observe that whistler mode emissions at this location can be reconciled with a temperature anisotropy A h >0.15. From  Fig. 9 (R∼3.9 R S ) it is noted that the whistler mode emission observed by Cassini require a hot electron number density of n h >0.5 cm 3 . However, the whistler mode emission observed by Cassini at radial distance 2.2 R S cannot be pro- Fig. 1 using plasma parameters for R ∼5.5 R S given in Table 2 (Cassini data). Parameter κ is marked. duced by our calculations as these will require energetic electron component with a much larger resonant energy of E r =B 2 0 /8π n e . Comparing our calculations with whistler mode wave observations by Voyager 1 (Fig. 3 of Gurnett et al., 1981) , the broad-band emissions near ring plane crossing at 04:14 SCET (Space event time) on day 318 can be reproduced well by our calculations, as shown in Figs. 1 and 2 . In this case the resonant energy of suprathermal electrons is small ∼1 keV. However, the observed whistler mode emissions on day 317 cannot be reproduced in our calculations, since a large resonant energy is required in this case. For the same reasons we also cannot reproduce whistler mode emissions observed by Voyager 2.
The present calculations do not reproduce the whistler mode emissions observed by Cassini at radial distance 2.2 R S and by Voyager 1 on day 317 and by Voyager 2. The reason for this may be two-fold. Firstly, the present calculations use a linear theory which may not be applicable. Second, . 10 . Normalized electron diffusion coefficients versus pitch angle using temporal growth rate profile for R ∼12 R S (Fig. 3 , n h =0.06 cm −3 ). a more likely reason may be the fact that the whistler mode emissions observed in these cases may have been produced at more favourable (lower E r ) locations and then propagated to the location where these have been observed.
Electron diffusion coefficients
A whistler mode emission can cause pitch angle and energy diffusion of magnetospheric electrons and scatter them into the planet's atmosphere, thereby producing auroral emissions. On Saturn, aurora has been observed at high magnetic latitudes (Sandel and Broadfoot, 1981) , suggesting a source of particles in the outer magnetosphere. It has been noted by Barbosa (1990) that keV electrons are most likely the primary precipitation energy source for the aurora. We have therefore calculated the pitch angle and energy diffusion coefficients, using two representative temporal growth rate pro-R. P. Singhal and A. K. Tripathi: Study of whistler mode instability in Saturn's magnetosphere files; (1) at radial distance 12 R S (Fig. 3 , n h =0.06 cm −3 ) and (2) at radial distance 18 R S (Fig. 5 , n h =0.028 cm −3 ).
In Figs. 10 and 11 we show the normalized pitch angle and energy diffusion coefficients for electron interactions with whistler mode waves. Calculations have been performed using the diffusion coefficient expressions given by Lyons (1974) . For the sake of completeness we give the details of these expressions and calculations in the Appendix. The electron energies forK e =10 and 30 at radial distance 12 R s (Fig. 10) are ∼9 keV and 27 keV, respectively. The average pitch-angle diffusion coefficients D αα at these energies are 0.9 and 1.1, respectively. At radial distance 18 R s (Fig. 11 ) the electron energies are 7 keV and 21 keV and average D αα values are 1.1 and 0.9, respectively. From Figs. 10 and 11 it is noted that the energy diffusion coefficients D αν and D vv are several orders of magnitude smaller than D αα × v 2 / D αα (cf. Eq. A1) gives the time scale for pitch-angle diffusion τ αα . For a wave magnetic field intensity B wave =10 −3 nT values of τ αα at R=12 R s are 7.7×10 4 s and 6.3×10 4 s for electron energies 9 keV and 27 keV, respectively. At R=18 R s these are 2.3×10 4 s and 2.8×10 4 s for electron energies 7 keV and 21 keV respectively. It is useful to compare τ αα with the "strong" pitch-angle diffusion time constant τ SD . In the strong diffusion regime, particles diffuse across the loss cone in less than a quarter-bounce period, with the result that the precipitation mechanism saturates and the particle flux is driven isotropic. The particle precipitation rate is then independent of the amplitude of the scattering waves, and depends only on the particle bounce time and the geometric size of the loss cone. τ SD is given approximately by Thorne (1983) 
where L is the magnetic shell parameter. Values of τ SD at L=12 are 8×10 4 s and 4.6×10 4 s for 9 keV and 27 keV, respectively. At L=18 these are 4.6×10 5 s and 2.7×10 5 s for 7 keV and 21 keV, respectively. Thus, to set tens of keV electrons on strong diffusion (τ αα ≈τ SD ) the wave amplitude must be about 10 −3 nT at R=12 R s and about 2−3×10 −4 nT at R=18 R s .
Electric fields of the whistler mode waves measured by Voyager 1 (Gurnett et al., 1981) are of the order of 10 −6 V/m. Calculated group velocities v g =(dω/dk) are ∼ 6×10 6 m/s at R=12 R s and ∼4×10 6 m/s at R=12 R s . These give the magnetic field intensities of the waves (B=E/v g ) as 1.6×10 −4 nT and 2.5×10
−4 nT at R=12 R s and 18 R s , respectively. It may therefore be concluded that the whistler mode wave amplitudes may be sufficient to drive resonant electrons (tens of keV) onto strong diffusion at R=18 R s , leading to intense precipitation into the atmosphere. At R=12 R s , the wave intensity is insufficient to set keV electrons on strong diffusion.
Discussion and conclusion
We have applied the dispersion relation for parallel propagating whistler mode waves to the magnetosphere of Saturn and have made comparisons with the observations from Voyager and Cassini. Whistler mode emission observed by Voyager 1 near the ring plane crossing can be accounted for by our calculations. It is found that for a higher hot electron number density and/or temperature, the whistler mode emission covers a broadband of frequencies, especially toward lower frequencies. When the hot electrons are of low density or lower temperature, the emission is confined to a narrower range of frequencies. These findings are in very good agreement with the observations (Sittler et al., 1983) . However, for hot electron density less than 0.5 cm −3 and a hot electron temperature <200 eV at radial distance 6 R S no whistler mode emissions are obtained. The whistler mode emissions observed by Cassini at radial distance 5.5 R S and 3.9 R S can be reproduced well. However, at radial distance 3.9 R S , a somewhat larger hot electron density than observed is needed. Barbosa and Kurth (1993) have also analysed the whistler mode emissions in the inner magnetosphere of Saturn, using a power-law electron distribution function having pitchangle anisotropy. These authors conclude that the suprathermal electron flux with pitch angle anisotropy M=1/2 can produce whistler-mode waves below ω/ e ≈1/3 in the vicinity of the magnetic equator. This is in agreement with the results of our calculations. Leubner (1982) has studied the whistler mode emissions on Jupiter, using an approximate expression for wave growth for a plasma consisting of thermal and suprathermal components described by Maxwellian and by a kappa distribution function, respectively. It is found in his work that the structure of the whistler mode hiss and chorus can be explained by the superposition of thermal and suprathermal components. In the present work we obtain a broad distribution of wave growth which does not resolve into hiss and chorus (cf. Figs. 1-9) . The difference between the wave growth results of the present calculations and that by Leubner (1982) may lie in the use of different expressions for dispersion relations used in the two works and the different manners in which the cold and hot electron components have been treated in the two calculations.
We have also calculated the pitch angle and energy diffusion coefficients at two radial distances R=12 R s and 18 R s , using the diffusion coefficient expression given by Lyons (1974) . The details of the expressions and calculations are given in the Appendix. The time constants (τ αα ) for pitchangle diffusion for the assumed wave magnetic field intensity B wave =10 −3 nT are 7×10 4 s at R=12 R s and 2.5×10 4 s at R=18 R s . Comparing these time constants with the strong diffusion time constant τ SD we conclude that the observed amplitudes of whistler mode emissions may be sufficient to drive tens of keV resonant electrons onto strong diffusion at R=18 R s , leading to intense precipitation into the atmosphere. At R=12 R s the observed wave intensity is, however, insufficient.
Appendix A Expressions for electron diffusion coefficients
Following Lyons (1974) 
where x=tan θ and θ is the wave normal angle (the angle between B 0 and k). 
where f (ω) is the wave spectral density and g ω (x) gives the wave normal distribution. For g ω (x) we use g ω (x) ∝ exp(−x 2 ) for x ≤ 1 0 for x ≥ 1 . (1 + n e /ω k ) 2 ψ cos 2 θ(1 + M) ,
whereK e ||,res is the normalized resonant parallel energy (parallel to the ambient magnetic field) given bȳ 
where K e || is the parallel energy of the electron. Calculations are performed for a given resonance energyK e res , pitch angle α and for a given wave spectral density (temporal growth rate) f (ω). Using Eq. (A17), the resonance frequencies are obtained as a function of x. The calculation of normalized diffusion coefficients D is then performed using the algebraic expressions as given above. The summation over n in Eq. (A2) is performed for |n|≤5. Finally, the pitch-angle diffusion coefficient D αα is averaged over pitch angle α
